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~ Overview

m Galois flelds over primes - Extension fields

m Linear Feedback Shift Register circuits derived from
generator polynomials

® m-sequences and their properties

m GPS:
m C/A (coarse-acquistion)-Code Generation
m P(recision)-code

= GALILEO

m Open Service Primary Code Generation

® Summary

Prof Dr Ing Ulrich Jetzek AMIES 2017 VAMK, Vaasa, Finland Galois Fields and GNSS 2

Rev. PA3



m Galois Field is a

= Finite set of elements GF(p) ={0,1,2,...,p — 1} , wherepis a
prime together with

s Two operations ,addition’ and ,multiplication’, where each
operation is performed modulo p.

m Main Properties of a Galois Field:

= Isolation: Result of any addition or multiplication is an element of
the given Galois Field.

m Additive Inverse: For each field element there exists an additive
Inverse element, i.e. each addition can be reverted.

s Multiplicative Inverse: For each field element except ,0° there
exists a mulitplicative inverse, i.e. each multiplication (except ,0°-
multiplication) can be reverted.
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GaI0|s Field GF(11)

o GF(11)—{012345678910}

m Generator: field element, whose powers generate all field
elements except ,0°.

s Example: > a =2

m Generator:a =2 a’=ala=4
a3=a2Diz:8

a'=a’lh=16mod11=5
a’=a"'la=52=10
a°=a’d=102=20mod11=9
a' =a°la=92=18mod11=7
a°=a' [d=72=14mod11=3
a =a’ld=32=6
a’=z=a’ld=62=12mod11=1
a'=a’la=1[2=2
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m Prime Fields (except for GF(2)) technically not important,
since most technical systems work bit-oriented.

m > Galois Fields can be extended, i.e. for any prime p
and any positive integer m there exists a finite field
GF(p™).

m Each field element is a polynomial.
(am_lxm_1 + a, X"+ a X"+ -+ ax + aoxo)
with a, [10,1,2,...., p—1tfori=0,1,2,...m—1

(am—l am—2 am—B Tt al aO)
with g, L10,1,2,...., p—1fori =0,1,2,....m—1

m lfp =2 ie. GF(2™): all coefficients are equal to ,0‘ or ,1°.
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Ex.: Ext. Field GF(2%), generator:

pQD:x +x+1

a‘'=aq+1

> a’ =00’ +0ler’ +0ler' +oldr’ =
a =0l +0r’ +10r" +00dr° =
a’ =00’ +1r° +0lr" +00dr° =
a’ =10 +oler” +oler' +0ldr’ =
a'=o0ler’ +olr’ +10r' +10°
a’ =0l +1@° +10r +0[@° =
a*=1lr +1@° +0ler +0[@r° =

g =1’ +0ler’ +0ldr' +1y° =

a =00’ +oler” +oley +10dr° -
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p(x) =x*+x+1

0001

0010

0100

1000
10000=0011
100000=0110
1000000=1100

10....0=1001
—_—

14zeros

10....0=0001
—_—

15zeros
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Lin. Feedback Shift Registers for Ext. Fields GF(2™)

0 Any generator polynomial can directly be transferred into a
corresponding Linear Feedback Shift Register circuit:

P < D <o D < D<
A A A A
x" Cm-1 {Cm-2 | €1 Co
> X > x™ > X xo Output-
{ |7 sequence

clock

0 0
p(x)=x"+ > ¢ &' withc,OGF(2)={0,1} = sincea” + > ¢, [&r' =0 (by definition) =

i=m-1 i=m-1

0
Z [&r' if wereplacea by x = x" = Zc Ed

i=m—1
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Ex. LFSR for Ext. Fields GF (2*)

m Any generator polynomial can directly be transferred into a
corresponding Linear Feedback Shift Register circuit:
D <

x4 TC]_:l CO=1

3 2 I P
(> X (> X > X —> X Output-

sequence

clock
p(x)=x"+x+1 = x =x+1

m Output sequence is
m a pseudo random sequence

®m an m-sequence, Length: L = 2™ — 1, LFSR runs through all
possible but the all-zero-state!
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Seqouence properties

m Balance property:
m Sequence contains:

L + 1 10 3 "1
; 1" in case of our example:8 'l

L-l "n' 3 ra\

— 0' in case of our example:7'0

m Run length property (run of length k = sequence of k same
symbols) :

= %of all runs: length 1

o %of all runs: length 2

o %of all runs: length 3
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Periodic autocorrela’uon of m-sequence (L=7)

0,8

0,6

0,4
0,2 l

0
02 b * T *
-0,4

side correlation value :constant ——

-0,6

-0,8

for this example : ——
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Cross correlatlon properties of different sequences

m | =2m _1 4 Maximal t absol. |normalized
Sequence | Number of |normalized cross Cross
Number of onath umbober o cross | correlation | correlation
LFSR 9 m- . of Gold | of Gold
stages sequences | correlation sequence | sequence
3 / 2 0,71 5 0,71
4 15 2 0,60 9 0,60
5 31 6 0,35 9 0,29
6 63 6 0,36 17 0,27
7/ 127 18 0,32 17 0,13
8 255 16 0,37 33 0,13
1023) | (eo J o | Loos)
12 4095 144 0,34 129 0,03
15 32767 1800 n.a. 257 0,007843

Ulrich Jet ek
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Addition of cyclically shifted m-sequences

=

m-sequence 0 1 2 L2L1
@ (mod-2-Sum)
kket | |_1‘ 0 ke

cyclically shifted version
of m-sequence (shift k)

Different cyclically shifted version
of same m-sequence (shift j)

e joitizn

ng. Ulrich Jetzek AMIES 2017 VAMK, Vaasa, Finland Galois Fields and GNSS 12 Rev. PA3




code generator of GPS

D< )
L} A m-sequen ~
. G1(t)| Trick 1:
Initialization 9|18|7/6|5(4(3|2|1|0
All-1-state GF(Zm) 2> LFSR >
m-sequence 1
Clock 7
oC
1,023 MHz ?‘
LFSR2 &  C/A-code
9/8|7|6(5[4|3|2|1]|0 A\ G
/T rick 3: Cyclic shift§ IN Divider
of 2nd m-seq. 1/20
combined with ¢,
m-seq.1 A B A Data clock
- different Pseudo 5 . Phase-shifted 50 Hz
rnd-seq. > m-sequence 2
Good cross-correlat. G2(t) | Trick 2:
\properties! Generate Gold sequence

by use of 2nd m-sequence
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Block diag

GPS base clock
10,23 MHz

Trick 4: R
Improved timing
resolution due to
increased base

ram of GPS P-code generator

Data <« Formatted

encoder data

Epoch \ Clock 50 H;Z
reset Divider :20
TX1 epoch T 1 kHz
X1-code C/A-code

Epoch detect

Epoch detect

X1-Generator

x1(t)

>E> 1,0 D d(©)

Y20

9

Code select
device (based on
Delay shift register)

clock frequenc
N quency)
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X1 Code Generator (for P-code) of GPS

e

i T Shortened
m-sequence X1A

Init X1A to 11(10(9|18(7|6(5|4|3|2|1]|0

000100100100 X1A-LFSR

> Counter Set to init-state
Clock X1A-chips After 4092 chips

10,23 MHz

X1-code
Counter Set to init-state é—)
) >
Init X1B to 4L§11 10/9|8(7|6|5|4]3”
001010101010
\

e
Trick 5: Use of shortened m-sequences >
Resulting sequence: length defined by least common

multiplier of the seq.-lengths (4093 prime - 4092x4093=16.748.556)
N\ /
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Timing relations of X1-code generation within GPS

T

=

3750 cycles of 4092 chips £15.345.000 chips

X1A-LFSR 4092 | 4092 4092 | 4092

X1B-LFSR 4093 | 4093 4093 |[4093

. |3749 cycles of 4093 chips £15.344.657 chips| \ X1B-LFSR keeps
< > |final state for 343 chips

Entire X1 -periom

e
Trick 6: Resulting X1-sequence shortened to exact
period of 1.5 seconds <-> 15.345.000 chips

~

/
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code generatlon of GPS P-code

Frzorzeoiceea e et s e ne s

P
Trick 8: Combination of X1 and X2i-sequence
results in sequences with periods 7.4 — 266 days

l S
'T\ m-sequ
Init X2A to 11{10(9|8 76543210

101001001001 X2A-LFSR Clock

| Counter 5| Set o init-state 10,23 MHz

Clock X2A-cycles After 4092 chips
10,23 MHz | | X Delay shift register

S Counter 5| Setto init-state A 112 |0 |-|36(37
X2 B-Cycles After 4093 chips

$<
Init X2B to ;%1110 9lg|7]6|5|a|3]2]"

001010101010 //
/

R '+ Select code
\4 X2i by
X2i-code i chips delay

X2:(1)

Shortened

m-sequence X2B

X2 epoch
- - - eneration
Trick 7: Delay shift register allows for extremely af?er 37 chips
simple generation of satellite specific code delay

e e s
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Timing relations of P-code generation in GPS

403.200 cycles of 1.5 s 2 604.800 s 2 1 week

X1-code 15.345.000|15.345.000| --- |15.345.000(15.345.000

X2-code 15.345.0xx | 15.345.0xx | - 15.345.0xx

403.199 cycles of >1,5 s, in total: < 604.800 s

Reset of P-code after exactly 7 days

er between 1 ... 36

Trick 9: P-code also shortened to match
defined timing period of 7 days
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p
Trick 10: Use of multi-layer code
generated by sequences based on
DIFFERENT clock frequencies

prremhe

>

Clock
Divider : N,

Secondary codes:
fixed sequences of
length 4, 20, 25 or 100 bit

base clock

>

Frequency: f

Secondary
Code
(Length N,)

Frequency: f,

AMIES 2017

Primary
Code »é)
(Length N)
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GALILEO
System Code
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mstructure of GALILEO system codes

N chips

Primary
code:

epoch i epochi+ 1 --+gpoch i+ Ng—1 epochi+ Ng

Secondaly < Ghip 1 —><— Chip2 — ...<— Chip Ns —

Multi-layer code period

= e
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Open Service primary code generation

Cl'rick 11: Compatibility between GPS
And GALILEO achieved by specific

r L i
Init to start 13{12|11{10|/9 | 8 : !
o Dear 1 —3 \Shortenlng values N!
Counter 5/Set to init-state
N chips after N chips
base clock
Frequency f,
Counter Set to init-state
N chips after N chips
L D<
IrliittoL|§1§S2 —3 13|12{1110{9 (8| 76|54 |3 |2
o LFSR 2

X _)Primary code
A output

m-sequence 2

In Galileo: ,shortened’ Gold codes of length N = k- 1023
for reasons compatlblllty between GPS and GALILEO.

Prof Dr Ing Ulrich Jetzek
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_Summary

O ExtenS|on fields of various degrees are the core for GPS
and GALILEO.

m Code generation is always based on m-sequences

m Due to much better crosscorrelation properties Gold codes
are applied in GPS.

m [n GALILEO a similar idea (multi-layer-codes) is used!

m ,Simple tricks' lead to generation of very long (pseudo-
random)-sequences, which are used within GPS and
GALILEO.
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Thank you very much for your
attention!
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